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Abstract

In the present work, we consider the linear and nonlinear hydrodynamic stability problems of two-dimensional Rayleigh–Bénard convection
in arbitrary finite domains. The effects of the domain shapes on the critical Rayleigh number and convection pattern are investigated by means
of a linear stability analysis employing a Chebyshev pseudospectral method. An extension of the present technique to nonlinear stability analysis
allows derivation of the Landau equation for arbitrary finite domains. The results of nonlinear stability analysis are confirmed by comparison with
numerical solution of the Boussinesq set. The results of the present investigation may be exploited to enhance or suppress thermal convection by
varying system domain.
© 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The Rayleigh–Bénard convection has been extensively stud-
ied experimentally and theoretically because of its frequent oc-
currence in various fields of science and engineering. A full
account of the linearized theory is given in Chandrasekhar [1]
and Drazin and Reid [2]. Although the linear theory determines
the critical Rayleigh number and wavenumber, it does not pre-
dicts the intensity of convection for a given Rayleigh number.
The nonlinear stability analysis based on perturbation methods
yield the Landau equation which can answer this question. The
first work in this direction was done by Malkus and Veronis [3]
and generalized by Schlüter et al. [4] and many others.

All these analyses assume that the flow and temperature
fields are periodic in the horizontal directions and seek normal
mode solutions so that the resulting equation for the hydrody-
namic stability analysis become one-dimensional, which can be
solved even analytically. Later, to make the analysis more com-
patible with experiments, some investigators try to consider the
effects of lateral walls on the flow pattern and size of convection
cells numerically as well as theoretically. Davis [5] was the first
investigator to study the linear hydrodynamic stability of the
Rayleigh–Bénard convection in a fully confined domain numer-
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ically. Reddy and Voyè [6] and van de Vooren and Dijkstra [7]
employed a finite element method to analyze linear convective
instability in finite domains. Thermal convection in cylindrical
containers has been investigated by Charlson and Sani [8] and
Crespo del Arco and Bontoux [9]. Recently, Park and Ryu [10]
derived a Landau equation for the Rayleigh–Bénard convection
in confined finite domains and compared its predictions with the
results of exact numerical solution of the Boussinesq equation.
There have been also other attempts to consider the effects of
confining sidewalls employing multi-scale perturbation theory.
In a seminal paper Segel [11] investigated the consequences
of the presence of vertical lateral walls in a rectangular con-
tainer on the onset and the amplitude of convection and derived
a Ginzburg–Landau type equation. This kind of analysis was
later employed by other investigators [12] to study the effect
of a small heat transfer through the sidewalls, which makes the
onset of convection an imperfect bifurcation. The Ginzburg–
Landau equation derived through the multi-scale perturbation
method has been extensively employed in the study of pat-
tern formation in the Rayleigh–Bénard convection [13]. Non-
linear analysis in a vertical cylinder has been done by Hardin
and Sani [14]. All these analyses until now are related with
the Rayleigh–Bénard convection in rectangular, cylindrical or
spherical domains where the governing equations are separable
in the corresponding coordinate system.

In the present work, we study the Rayleigh–Bénard convec-
tion in finite arbitrary shaped domains. Obviously, the inten-
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sity of thermal convection and the critical Rayleigh number
depend crucially on the shapes of the domain. Therefore the
shape of the convection domain may be considered as an im-
portant control parameter in adjusting convection. For example,
a judicious design of the sidewall shapes can suppress or en-
hance the natural convection in the vessel. Until now, there
were no appropriate analysis tools for this interesting prob-
lems of hydrodynamic stability. But recently we proposed a
method of linear and nonlinear hydrodynamic stability analy-
sis in confined domains with nonslip walls [10] by exploiting
the Chebyshev pseudospectral method [15]. In the present in-
vestigation, we extend this technique to solve the linear and
nonlinear hydrodynamic stability problems of the Rayleigh–
Bénard convection in two-dimensional finite domains of vari-
ous shapes. After transforming the irregular physical domains
to a square computational domain, we reformulate the Boussi-
nesq equation using the stream function so that the incompress-
ibility condition is imposed exactly. The discretization through
the Chebyshev pseudospectral method yields algebraic eigen-
value problems which can be solved to find the eigenvalues and
eigenvectors needed in the linear stability analysis. The critical
eigenvalue and eigenfunction are further adopted in the nonlin-
ear stability analysis employing the power series method [4].
The results of the nonlinear stability analysis are confirmed by
comparison with the numerical solution of the Navier–Stokes
equation with the Boussinesq approximation. In various indus-
trial processes, it is desirable to suppress thermal convection as
in the Czochralski process of semiconductor manufacturing. In
other cases, thermal convection improves the product quality
by inducting mixing. The present investigation may show some
clues of geometrically controlling thermal convection. At the
onset of thermal convection, the convergence rate of any numer-
ical scheme is very slow, which causes a tremendous amount of
computer time. The nonlinear stability analysis of the present
work is an economic way of obtaining convection patterns near
the critical Rayleigh number.

2. System and governing equations

We consider an incompressible fluid with the Boussinesq
approximation in a two-dimensional domain whose bottom is
maintained at a higher temperature than the top. The shapes of
the domain are such that the top and bottom are flat, whereas
the sidewalls are of arbitrary shapes. We define the dimension-
less variables by the following equations, where the superscript
asterisk is used to denote the dimensional quantities:

x = x∗

dy

, y = y∗

dy

, t = κt∗

d2
y

, v = dv∗

κ

T = T ∗ − T ∗
cold

T ∗
hot − T ∗

cold
, P ′ = d2P ∗

ρκ2
(1)

where T ∗
hot is the hot bottom temperature, T ∗

cold is the cold top
temperature, t∗ is time, v∗ is the velocity field, P ∗ is the pres-
sure field, κ is the thermal diffusivity, ρ is the density, dy is
the characteristic depth of the domain. In consistent with the
Boussinesq approximation, we regard the physical properties
of the fluid constant except the density in the body force term,
which is represented as a function of temperature. For later
purpose, we define the dimensionless group R the Rayleigh
number, and Pr the Prandtl number as follows:

R = αg
(T ∗

hot − T ∗
cold)d

3
y

κν
, Pr = ν

κ
(2)

where α is the thermal expansion coefficient, g is the gravita-
tional constant and ν is the kinematic viscosity. In the present
investigation, we take Pr = 0.72. With isothermal sidewalls,
there exists a critical Rayleigh number for the domains under
consideration below which there is no fluid motion. The basic
state or the conduction state is denoted by (vs , T s).

Then relevant boundary conditions for the T s field are;
T s = 1.0 at the bottom, T s = 0.0 at the top boundary and
Dirichlet temperature boundary condition on the sidewalls,
where temperature varies linearly with respect to height. The
deviational temperature Θ is defined by

Θ = T − T s (3)

In terms of the streamfunction ψ and the deviational temper-
ature, the governing equations for the two-dimensional system
may be rewritten as [1]:

∂

∂t

(∇2ψ
) + J

(∇2ψ,ψ
)

= Pr∇4ψ − R Pr
∂Θ

∂x
− R Pr

∂T s

∂x
(4)

∂Θ

∂t
+ J (Θ,ψ) = ∇2Θ + ∂ψ

∂x

∂T s

∂y
− ∂ψ

∂y

∂T s

∂x
(5)

where the Jacobian J is defined as

J (f,g) =
∣∣∣∣∣

∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

∣∣∣∣∣ (6)

The boundary conditions are such that stream function and its
normal derivative, ψ and ∂ψ

∂n
, and Θ are zero at the walls. In

Eqs. (12) and (13), ∂T s

∂x
≡ 0 for the condition of isothermal side-

wall temperature which is varying linearly with respect to y.
The analysis shall be done in a fixed square computational do-
main (ξ, η) rather than in the irregular physical domain.

The transformation between the physical domain (x, y) and
the computational domain (ξ, η) is performed by means of the
following set of elliptic equations [16]:

(
√

g )2g11 ∂2x

∂ξ2
+ 2(

√
g )2g12 ∂2x

∂ξ∂η
+ (

√
g )2g22 ∂2x

∂η2

= −(
√

g )2
(

P
∂x

∂ξ
+ Q

∂x

∂η

)
(7)

(
√

g )2g11 ∂2y

∂ξ2
+ 2(

√
g )2g12 ∂2y

∂ξ∂η
+ (

√
g )2g22 ∂2y

∂η2

= −(
√

g )2
(

P
∂y

∂ξ
+ Q

∂y

∂η

)
(8)

The variables P and Q in Eqs. (7)–(8) are adjusted such that
the grids intersect the boundary orthogonally. As a result, the
boundary conditions for Eqs. (4)–(5) in the computational do-
main are given by:
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ξ = ±1; ψ = 0,
∂ψ

∂ξ
= 0, Θ = 0 (9)

η = ±1; ψ = 0,
∂ψ

∂η
= 0, Θ = 0 (10)

3. Linear stability analysis

Assuming

ψ(ξ,η) = estϕ(ξ, η) (11)

Θ(ξ,η) = est θ(ξ, η) (12)

Eqs. (4)–(5) become a differential eigenvalue problem, where s

is the eigenvalue determining the stability of the basic state.
The boundary conditions for ϕ and θ are the same as those
for ψ and Θ . As previously [10], the Chebyshev pseudospec-
tral method [13] is employed to convert the differential eigen-
value problem to an algebraic eigenvalue problem after im-
posing the relevant boundary conditions. Using the Chebyshev
pseudospectral method, we can approximate differentiations of
a function by matrix multiplications as follows:

∂qf

∂xq
(xi, yj ) =

NX+1∑
l=1

ĜX
(q)
i,l fl,j (13)

∂qf

∂yq
(xi, yj ) =

NY+1∑
l=1

ĜY
(q)
j,l fi,l

(1 � i � NX + 1, 1 � j � NY + 1) (14)

where (xi, yj ) is the Chebyshev collocation point [10], the grid
variable fl,j is the value of f (ξ, η) at the collocation point
(ξl, ηj ), NX + 1 is the total number of grids in the ξ -direction,

NY + 1 is that in the η-direction. The matrices ĜX
(q)
i,l and

ĜY
(q)
j,l have been derived in Ref. [10]. For the variable ϕ, we

impose two separate boundary conditions on each bounding
wall. Therefore, we can remove the boundary grid values and
the outermost internal grid values of ϕ in terms of the remain-
ing internal grid values. For example, the boundary conditions
(9) for ϕ yields [10]

ϕ1,j = 0; ϕNX+1,j = 0 (1 � j � NY + 1) (15)
NX+1∑
m=1

ĜX
(1)
1,mϕm,j = 0

NX+1∑
m=1

ĜX
(1)
NX+1,mϕm,j = 0 (1 � j � NY + 1) (16)

Solving Eqs. (15)–(16) simultaneously, we can express the out-
ermost internal grid values in terms of the remaining internal
grid values [10]:

ϕ2,j =
NX−1∑
m=3

amϕm,j

ϕNX,j =
NX−1∑

bmϕm,j (1 � j � NY + 1) (17)

m=3
where

am ≡ ĜX
(1)
1,NXĜX

(1)
NX+1,m − ĜX

(1)
NX+1,NXĜX

(1)
1,m

ĜX
(1)
1,2ĜX

(1)
NX+1,NX − ĜX

(1)
1,NXĜX

(1)
NX+1,2

(18)

bm ≡ ĜX
(1)
NX+1,2ĜX

(1)
1,m − ĜX

(1)
1,2ĜX

(1)
NX+1,m

ĜX
(1)
1,2ĜX

(1)
NX+1,NX − ĜX

(1)
1,NXĜX

(1)
NX+1,2

(19)

In a similar manner, the outermost internal grid values ϕi,2 and
ϕi,NY can be represented in terms of the remaining internal grid
values [10]. Therefore, the unknown grid values to be deter-
mined in the resulting algebraic eigenvalue problem is

xT = (ϕ3,3, ϕ4,3, . . . , ϕNX−1,3, ϕ3,4, . . . ,

ϕNX−1,NY−1, θ2,2, θ3,2, . . . , θNX,NY ) (20)

The resulting algebraic eigenvalue problem may be written as

α · x = sβ · x (21)

where the matrices α and β are constructed by discretizing
Eqs. (4)–(5) after transforming to the computational domain
and substituting Eqs. (11)–(12). The basic state becomes unsta-
ble and convective flow sets in when the real part of s becomes
positive. The critical Rayleigh number is defined as the small-
est Rayleigh number when the largest real part of s is zero.
For Rayleigh–Bénard convection, when the largest real part of
s is zero, the corresponding imaginary part of s is always zero;
i.e., the exchange of stabilities is valid [1,2]. The matrix eigen-
value problem, Eq. (21), is solved using a standard package
such as the IMSL. We adopt a (30 × 15) grids with double pre-
cision arithmetic. Employment of a finer grid system (40 × 20)
changes the critical Rayleigh number less than 0.01%. The suf-
ficiency of the grid numbers for the similar systems is also
confirmed in the previous works [10].

4. Dependence of the critical Rayleigh number and
eigenfunctions on the shapes of the domain

Before investigating the effects of boundary shapes on the
Rayleigh–Bénard convection, we examine the critical Rayleigh
number for rectangular finite domains with various box aspect
ratio dx/dy , where dx is the width and dy is the depth of the box,
for the case of adiabatic sidewalls ∂Θ

∂x
= 0 and zero deviatoric

temperature sidewalls Θ = 0, respectively. For brevity, we call
the latter case the isothermal sidewall.

In our previous work [10], we adopt the half depth of the
domain as the characteristic length when converting the gov-
erning equations to the dimensionless form. In the present in-
vestigation, however, we adopt the depth of the domain as the
characteristic length. Therefore the Ra in the present work is
eight times as large as that in Ref. [10]. The adiabatic case has
been extensively investigated in our previous work [10], and
we shall concentrate on the isothermal case in the present in-
vestigation. As shown in Fig. 1, the critical Rayleigh number
Rc decreases as the aspect ratio increases for both cases. The
case of isothermal sidewalls has higher Rc values than that of
adiabatic sidewalls, especially for smaller values of the aspect
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Fig. 1. Critical Rayleigh number versus the aspect ratio.

Fig. 2. Temperature perturbation eigenfunction (Θ) at various aspect ratios.
ratio, since there is heat efflux through the sidewalls for the for-
mer case. Each curve in Fig. 1 consists of several piecewise
continuous smooth curves, each smooth section of the curve
corresponding to a particular mode number, i.e., number of con-
vection cells at onset of instability.
The mode number increases discretely as the aspect ratio
dx/dy increases. For example, the number of convection cells
around dx/dy = 2 is two. It is interesting to note that Rc de-
creases monotonically with respect to dx/dy for the case of
isothermal sidewalls, while Rc increases for a short interval of



H.M. Park, Y.M. Heo / International Journal of Thermal Sciences 45 (2006) 697–705 701
Fig. 3. Three shapes with bulged sidewalls, their critical eigenfunctions, Ψ , Θ , and the critical Rayleigh numbers.

Fig. 4. Domains with inwardly curved sidewalls, their critical eigenfunctions, Ψ , Θ , and the critical Rayleigh numbers.
dx/dy before the number of cells increases and then Rc drops
again after the cell number increases for the case of adiabatic
sidewalls. This difference is caused by the formation of small
satellite convection cells near the sidewalls before the number
of convection cells increases for the isothermal case. For ex-
ample, the number of cells increases from one to two around
dx/dy ≈ 1.65 as shown in Fig. 1. For the adiabatic case, the
Rc increases for 1.3 � dx/dy � 1.65 owing to the competi-
tion between one-cell mode and two-cell mode. On the other
hand, small satellite cells begin to appear near the sidewalls
for this range of aspect ratio in the isothermal case owing to
the efflux of heat and, as a result, the Rc does not increase be-
fore switching to the two-cell mode at dx/dy ≈ 1.65. Fig. 2
shows the convection patterns at various aspect ratios for the
case of adiabatic sidewalls and isothermal sidewalls at vari-
ous aspect ratios, where the formation of satellite cells is de-
picted clearly for the case of isothermal sidewalls. Now, we
move to the investigation on the effects of the shape of do-
main on the critical Rayleigh number for the case of isothermal
sidewalls. First consideration is the three shapes depicted in
Fig. 3, which have progressively larger bulged sidewalls with
dx/dy = 2.0. Also shown in the same figure are the critical tem-
perature eigenfunctions Θ as well as the corresponding critical
Rayleigh numbers. As expected from the results of Fig. 1, the
critical Rayleigh number decreases as the sidewall bulge be-
comes larger, which has a similar effect to the increased aspect
ratio. Next consideration is the domains with inwardly curved
sidewalls as shown in Fig. 4. The distortion of the sidewalls of
domains in Fig. 4 is in opposite direction to that of domains
in Fig. 3.
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Fig. 5. Shapes having a constant volume (one sinusoidal wavelength).

Fig. 6. Shapes having a constant volume (one and a half wavelength).
It is shown that the critical Rayleigh number increases
monotonically as the sidewalls distort inwardly, which is tan-
tamount to the decreased aspect ratio. If we imposed adiabatic
boundary condition instead of the isothermal one, we might
have found a somewhat different trends for certain intervals of
the aspect ratio. For example, for the inwardly distorted shapes
with the aspect ratio around 2.5, the critical Rayleigh number
may decrease as the sidewalls distort inwardly with the adia-
batic boundary condition (cf. Fig. 1). But we need a somewhat
different technique of stability analysis for the case of curved
sidewalls with the adiabatic boundary condition, since there ex-
ists nonzero basic flows in this case.
The above two sets of domains have volumes different from
that of the rectangular domain, while the heat input into the
system through the bottom boundary is the same. To make a fair
comparison, we arrange two more sets of domains, depicted in
Figs. 5 and 6, each of which has exactly the same volume as the
rectangular one. The domains in Figs. 5 and 6 have sinusoidally
varying sidewalls. The sidewalls of Fig. 5 have one wavelength,
while those of Fig. 6 have one and a half wavelength. It is shown
that the sinusoidal distortion hinders thermal convection, thus
increasing the critical Rayleigh number. It is also shown that
the increase of the critical Rayleigh number is proportional to
the amplitude and the frequency of the sinusoidal distortion of
the sidewalls.
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5. Nonlinear stability analysis

The magnitude of convection intensity can be predicted
through a nonlinear stability analysis employing the power
series method [4,10]. Since the direct numerical solution of
the Navier–Stokes equation with Boussinesq approximation
requires a tremendous amount of computer time when the
Rayleigh number is near the critical one, the nonlinear stabil-
ity analysis can be an economical alternative way of obtaining
convection patterns near the critical Rayleigh number. Introduc-
ing a small perturbation parameter ε, which indicates deviation
from the critical state, the variables may be expanded as a power
series of ε for a weakly nonlinear state:

R = Rc + ε2R2 + · · · (22)

Θ = εΘ(1) + ε2Θ(2) + ε3Θ(3) + · · · (23)

ψ = εψ(1) + ε2ψ(2) + ε3ψ(3) + · · · (24)

The scaling for the time variable t is such that ∂/∂t = ε2∂/∂τ .
The term R1 in (22) is eliminated a priori, since it becomes
zero owing to the symmetry in the boundary condition when
the solvability condition is imposed. When the disturbance vari-
ables defined as above are substituted into the governing equa-
tion, we find the following sequence of equations in the com-
putational domain:

O(ε):

Pr
1√
g

∂

∂ξ i

[√
ggij ∂

∂ξj

{
1√
g

∂

∂ξk

(√
ggkl ∂

∂ξ l

)}]
ψ(1)

− RcPr εij3
1√
g

yξj

∂

∂ξ i
Θ(1) = 0 (25)

1√
g

∂

∂ξ i

(√
ggij ∂

∂ξj

)
Θ(1) − 1

2
εij3

1√
g

yξj

∂

∂ξ i
ψ(1) = 0 (26)

or

L

[
ψ(1)

Θ(1)

]
= 0 (27)

where L is a linear operator determined from Eqs. (25) and (26).

O(ε2):

L

[
ψ(2)

Θ(2)

]
=

[
J (∇2ψ(1),ψ(1))

J (Θ(1),ψ(1))

]
(28)

O(ε3):

L

[
ψ(3)

Θ(3)

]
=

[
∂
∂τ

∇2ψ(1) + J (∇2ψ(1),ψ(2)) + J (∇2ψ(2),ψ(1)) + R2Pr εij3
1√
g
yξj

Θ(1)

∂ξ i

∂Θ(1)

∂τ
+ J (Θ(1),ψ(2)) + J (Θ(2),ψ(1))

]
(29)

In the above equations, the Jacobian is defined by

J (f,g) ≡
[
εij3

1√
g

yξj

∂f

∂ξ i

][
εij3

1√
g

xξi

∂g

∂ξj

]
−

[
εij3

1√
g

xξi

∂f

∂ξj

][
εij3

1√
g

yξj

∂g

∂ξ i

]
(30)
and

∇2ψ(l) = 1√
g

∂

∂ξ i

(√
ggij ∂ψ(l)

∂ξ j

)
(l = 1,2) (31)

Since the grids are generated such that they intersect the bound-
aries orthogonally, the relevant boundary conditions are given
by

ξ = ±1; ψ(l) = 0,
∂ψ(l)

∂ξ
= 0, Θ(l) = 0 (l = 1,2,3) (32)

η = ±1; ψ(l) = 0,
∂ψ(l)

∂η
= 0, Θ(l) = 0 (l = 1,2,3) (33)

The perturbation equations for each order may be solved as fol-
lows.

(1) First order (ε). The first-order equations, Eq. (27), with
the relevant boundary conditions are the same as those for
the linear stability analysis, Eq. (21), with s = 0. Therefore,
Eq. (27) may be discretized as

α · x(1) = 0 (34)

Here α is the same matrix as defined in Eq. (21) and x(1) is
defined as

x(1) = (
ψ

(1)
3,3,ψ

(1)
4,3, . . . ,ψ

(1)
NX−1,NY−1,

Θ
(1)
2,2,Θ

(1)
3,2, . . . ,Θ

(1)
NX,NY

)T
(35)

The solution of Eq. (35) is the eigenvector of the linear stability
equation (Eq. (21)) with zero eigenvalue (s = 0). We may write
the first-order solution as

x(1) = Cx (36)

where x is given by Eq. (20). The amplitude C = C(τ) is intro-
duced since the magnitude of an eigenvector is arbitrary. The
amplitude C is determined during the solution process for the
third-order equations.

(2) Second order (ε2). Since the differential operator defin-
ing the left-hand side of the second-order equations, Eq. (28),
is the same as that for the first-order equations, we may write
the discretized form of the second-order equations as

αx(2) = f(2) (37)

where

x(2) = (
ψ

(2)
3,3,ψ

(2)
4,3, . . . ,ψ

(2)
NX−1,NY−1,Θ

(2)
2,2,

Θ
(2)
3,2, . . . ,Θ

(2)
NX,NY

)T (38)

and f(2) is determined by the right-hand side of Eq. (28).
Eq. (38) can be easily solved to yield x(2).
(3) Third order (ε3). The third order equations, Eq. (29),

may be discretized as

αx(3) = ∂

∂τ
f(3) + R2Pr g(3) + h(3) (39)

where α is the same matrix as defined previously and x(3) is
given by

x(3) = (
ψ

(3)
3,3,ψ

(3)
4,3, . . . ,ψ

(3)
NX−1,NY−1,

Θ
(3)

,Θ
(3)

, . . . ,Θ
(3)

)T (40)
2,2 3,2 NX,NY
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(a) (b)

Fig. 7. Intensity of convection versus the Rayleigh number: comparison of the nonlinear stability analysis and the Chebyshev pseudospectral simulation for each of
the two shapes depicted in the figures.

Fig. 8. Comparison of the nonlinear stability analysis and pseudospectral simulation; stream function ψ .
The vectors f(3),g(3), and h(3) are determined using the right-
hand side of Eq. (29).

Since the vector h(3) consists of terms which are multiples
of the first-order solution and the second-order solution, it is
proportional to C3.

(4) Adjoint problem. The adjoint equation to the linear sta-
bility problem, Eq. (21), is given by(
β−1 · α)T · y = −sy (41)

where the superscript T denotes the matrix transpose. The
eigenvector y with zero eigenvalue (s = 0) is the adjoint so-
lution of the linear stability problem.

The Landau equation that describes the temporal variation
of the amplitude C of the convection cell is derived as follows.
Multiplying both sides of Eq. (40) by β−1, where β is defined
in Eq. (21), and taking inner product of the resulting equation
with the adjoint vector y, we find

〈
y,

(
β−1 · α) · x(3)

〉 = ∂

∂τ

〈
y,β−1 · f(3)

〉 + R2 Pr
〈
y,β−1 · g(3)

〉
+ 〈

y,β−1 · h(3)

〉
(42)
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Since the left-hand side of Eq. (42) is zero from the definition of
the adjoint solution, we find the following form of the Landau
equation:〈
y,β−1 · F(3)

〉∂C

∂τ
+ R2Pr C

〈
y,β−1 · G(3)

〉
+ C3〈y,β−1 · H(3)

〉 = 0 (43)

For the supercritical bifurcation, which is the usual case with
the normal Rayleigh–Bénard problem, we can find the steady
amplitude of the convection cell from Eq. (43) as

εCs =
√

−(R − Rc)〈y,β−1 · G(3)〉
〈y,β−1 · H(3)〉

(44)

where Eq. (22) is invoked to replace R2 in terms of R and Rc .
From this, we can obtain the velocity and temperature field
at the steady state for a given Rayleigh number exploiting
Eqs. (23)–(24).

To corroborate the results of the nonlinear stability analy-
sis, we solve the Navier–Stokes equation using the Cheby-
shev pseudospectral method and compare the results with those
of the nonlinear stability analysis. Details of the Chebyshev
pseudospectral method as applied to the Boussinesq equation
are given in Park and Chung [17]. Figs. 7(a) and 7(b) show
the intensity of convection, defined as the magnitude of veloc-
ity integrated over the domain, versus the Rayleigh number for
the two domains depicted in the same figure. The solid line
denotes the convection intensity obtained by the nonlinear sta-
bility analysis, while that from the pseudospectral method is
indicated by small circles. It is shown that the nonlinear stabil-
ity analysis predicts correct convection intensity even when the
Rayleigh number R is over 1.5Rc.

Fig. 8 shows the comparison of the stream function ψ ob-
tained by the nonlinear stability analysis and pseudospectral
simulation, respectively, for the two domains shown in Fig. 7.
This result corroborate the pointwise coincidence between the
results of the nonlinear stability analysis and those of the
pseudospectral simulation.

6. Conclusion

A method is suggested for the linear and nonlinear stability
analysis of the Rayleigh–Bénard convection in arbitrary finite
domains. Employing this technique, the effects of the sidewall
distortion on the critical Rayleigh number have been investi-
gated. Also investigated is the difference in the switching pat-
tern of cell numbers as the aspect ratio varies, between the
isothermal sidewalls and the adiabatic sidewalls. The present
technique allows us to derive a Landau equation that predicts
the evolution of the convection cell in arbitrary finite domains.
The results based on the nonlinear stability analysis are com-
pared with those obtained from the numerical solution of the
Navier–Stokes equation with the Boussinesq approximation,
and both results are found to be in good agreement with each
other. The present work shows the possibility of controlling
thermal convection by varying the shape of the convection do-
main. It is also shown that the nonlinear stability analysis is an
economical alternative way of obtaining convection pattern to
the direct numerical simulation near the critical Rayleigh num-
ber.
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